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|B|
å}Y~2++
s}  
4
=?AacA
Y (u) =
U
u > 0
OF=?Ap
1
AYXU
u < 0
Oc=VAp
0
UXM-Oc=VAÜASkzLUXMFUXhVAihNU]MPOFacU|TV^VOFUXWZp*£
DªpR¬kZnOQ :Ú 
n > 2
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1
C0  Ci

1
Û
Cc
£
?·cÅ%_¹bÒo»S¼8¹ªºÍ8·c¸ËQ¼¢ÇLË¸fÈ,»S¼_ºÆÒÊN»Åf·o¼Åfº|ËÎ
V (x)
¹ %_ÒPÇ¢ÅfÇ_ËÅ
ÎÆºÆÈ
x→x•∈∂U V (x) = +∞
Ë¼LÍiÒo»Q¼_¹ªºÍ8·F¸!ÊN»QÎË¸&Òo»»Q¸PÍZºÆ¼LËÅf·c¹'Ë¸f»ﬀ%_¼_Í
x•
ºÔ ·SÔsÄ3¸fºÑÅf·
x = x•+ρu
ÄbºÑÅfÇ
||u|| = 1 
º·cÎ|ÍZºÆ¼_Ð ﬁ
ρ = ||x − x•|| , u =
x− x•
ρ
,
∂ρ
∂x
= u ,
∂u
∂x
=
I − uuT
ρ
	
º¼8Òo·iÅfÇ8·iÊN»QÅf·c¼eÅfºËÎ&ºÆ¹Ç_Ë¸fÈ,»S¼8ºÆÒSÌ?ºÆÅ-º¹Ë¼LËÎ

ÅfºÆÒ ¹ª·o·
P3
ºÆ¼
ËÊ_ÊN·o¼_Í8ºÑÉ 
 ﬀ ËQ¼_Í{Ä'·.Ò"ËQ¼
ÅfÇ %_¹¨¾X»Q¸fÈËQÎÆºo·3ÅfÇ_·!¾ËQÒFÅ!ÅfÇ_ËÅ&ÎÆºÈ
x→x•∈∂U¯
V (x) = +∞
Ä3¸fºÑÅfºÆ¼_Ð-ÄbºÑÅfÇ_»%8Å&ÎÆ»S¹ª¹&»Q¾VÐQ·o¼_·c¸PËÎÆºÆÅ

ﬁ
V (x) =
v(x)
ρα
+ w(x)
¾X»Q¸B¹ª»QÈ,·
v(x)
Ì
w(x)
ÄbÇ8ºÒPÇ²Í8·F¸fºÏQËÅfºÆÏ·c¹¢Ë¸f·N»%_¼_Í8·"Í¯º¼²Ë1¼8·oºÆÐSÇN»Q¸fÇ8»»eÍ¦»Q¾
x•
ÄbÇ_ºÆÎÆ·
v(x•) 6= 0
Ô

¥¹Åª¸PËºÆÐSÇÅª¾]»¸ªÄ3Ë¸PÍÍZ·c¸fºÆÏSËÅfºÆ»S¼ %8¹ªº¼8Ð,Í8·F¸fºÏQËÅfºÆ»Q¼RÒPÇLËQºÆ¼R¸ %8ÎÆ·o¹

ºÆ·oÎÍZ¹.ﬁ
∆V (x) =
∆v(x)
ρα
−
2 α
ρα+1
∂v
∂ρ
(x) +
α (α + 2 − n) v(x)
ρα+2
+ ∆w(x)
'·cÒ"Ë%8¹ª·
0 = ∆V (x) = α (α+2−n) v(x)
ρα+2
+ o(ρ−(α+1))
·oÏS·c¸

ÄbÇ_·c¸f·º¼RËg¼8·oºÆÐSÇN»Q¸fÇ8»»eÍ¢»¾
x•
ÌsÄ·,È#%_¹ÅÇLË"Ï·
α (α + 2 − n) v(x) = O(ρα+2)
&%8ÅÅfÇ_ºÆ¹ºÆ¼_Òo»QÈ,ÊLËÅfº8ÎÆ·.ÄbºÆÅfÇ#ÅfÇ8·i¾ËÒcÅ
ÅfÇ_ËÅ
v(x•) 6= 0
%8¼_ÎÆ·o¹ª¹
(α + 2 − n) = 0
¹ª»iÅfÇ_ËÅ
α = n − 2
¹ªºÆ¼_Òo·
α 6= 0
Ô

+¹mË3Òo»Q¼_¹ª·,.%_·c¼_Òo·SÌ"¾|¸f»SÈ  oÀ ﬀFÌ¹ %_ÒPÇËÊN»QÅf·o¼ÅfºËQÎºÆ¹mËQÎÑÄ3Ë

¹m»¾ZÅfÇ8·¨¾]»Q¸fÈ
V (x) = µx• (x)Φ(x−
x•) + w(x)
ÄbºÑÅfÇ
µx•(x) = σn (n− 2) v(x)
Ô

»Q¼_¹ªºÍ8·c¸fºÆ¼8Ð,¼_»"Ä²·"ËQÒPÇRÊN»QºÆ¼eÅ
x• ∈ ∂U
¾X»Q¸3ÄbÇ_ºÆÒPÇ¢Ä'·È %_¹Å'ÇLË"Ï·-ÎÆºÆÈ
x→x• V (x) = ±∞
ÅfÇ %_¹)Ï·c¸fºL·c¹)ÅfÇ_·ÊZ¸f·oÏeº»%_¹)Òo»S¼_Í8ºÑÅfºÆ»S¼ »Q¸.ºÑÅf¹)»SÊ_ÊN»Q¹ªºÑÅf·2ﬀiËÅi·"ËQÒPÇ©ÊN»SºÆ¼Å
x•
Ì&ÅfÇ8·¢ÊN»Åf·o¼ÅfºËQÎ
È#%_¹Å3ÅfÇ %_¹N·QÌ8¾|¸f»SÈ  Á ﬀFÌ8»Q¾sÅfÇ8·ﬀ¾]»¸fÈ ﬁ
V (x) = A(x) + ω(x)
%8¹ªº¼8ÐRÅfÇ_·)È,·"ËQ¹ %Z¸f·
µ(x) =
R
∂U
δ(x − x•)µx• (x)
Ì?ÄbÇ_ºÆÎÆ·
ω(x)
º¹gË¼
ÇLË¸fÈ,»S¼8ºÒiÊN»QÅf·o¼ÅfºËQÎ
N»%_¼LÍZ·"Í¢ºÆ¼
U¯
Ô

¥¹Åf·cÊ¢¾!%Z¸ªÅfÇ_·c¸"Ì&%_¹ªºÆ¼8ÐiÅfÇ_·¸f·c·o¼R¾]»¸fÈ %8Î|Ë ¹ª·o·
P6
ºÆ¼ËÊ_ÊN·o¼_Í8ºÑÉ 
 ﬀ'Ä·ÒoËQ¼RÄ3¸fºÑÅf·
ω(x) = −
R
∂U
$(x•)
∂G
∂ν
(x,x•) dx•
=
R
∂U
∂ω
∂ν
(x•)Φ(x− x•)−$(x•)
∂Φ
∂ν
(x− x•) dx•
¾X»Q¸3¹ª»QÈ,·¹ %8È,ÈË_ÎÆ·3¾!%8¼_ÒcÅfºÆ»Q¼
$(x•)
ÍZ·L¼8º¼8Ð
ω(x)
ÌQÄbÇ_ºÆÎÆ·
G(x,x•)
ºÆ¹&ÅfÇ_·¸f·o·o¼,¾!%8¼_ÒcÅfºÆ»S¼
¸f·oÎËÅf·"Í¢Åf»
∂U
Ô
ﬀ8¸f»QÈ  Á ﬀ3ËQ¼_Í¢¹ªºÆ¼_Òc·
Φ(x− x•) = o(||x− x•||
−(n−2))
ﬁ
V (x) =
R
∂U
ˆ
µ(x•) +
∂ω
∂ν
(x•)
˜
Φ(x− x•)−$(x•)
∂Φ
∂ν
(x− x•) dx•
= −$(x•) ν(x•)
T∇Φ(x − x•) + o(||x− x•||
−(n−2))
= o(||x− x•||
−(n−1))
%8¼_ÎÆ·o¹ª¹
$(x•) = 0
ﬁÇ8º¹+ÎËQ¹Å+·,.%LËÎÆºÆÅ

Ä»ﬀ%8ÎÍﬂN·ºÆ¼RÒo»Q¼eÅª¸PËQÍ8ºÆÒcÅfºÆ»S¼BÄbºÑÅfÇÅfÇ_·-¾]»¸fÈ
V (x) = µx•(x)Φ(x− x•) + w(x) = o(||x − x•||
−(n−2))
»8ÅPËQºÆ¼8·"ÍRÊ8¸f·cÏZºÆ»%_¹ªÎ

¹ª».ÅfÇLËÅ3Ä'·È %8¹Å3¹ÅPËÅf·
$(x•) = 0
¾X»Q¸ﬀËQÎÆÎ
x• 
º·cÎ|ÍZºÆ¼_Ð
ω(x) = 0
Ô

+¹)Ë¢Òo»S¼8¹ª·,.%_·o¼8Òo·
V (x) = A(x)
ÌsËSÍZ·oÎÆºÒcº|Ë¼_¹)Í8·_¼_ºÆ¼_ÐÅfÇ_·i¾]ËQÈ,ºÆÎ

»Q¾b¹ª»SÎ'%ZÅfº»Q¼_¹»Q¾3ÅfÇ8·
ÊZ¸f·o¹ª·o¼Å+Ê8¸f»ﬃ8ÎÆ·oÈBÔ
Q0R |KQS
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µ)MﬀU|YXY|^MfOcackeOFAQhU|p#'U|[£ v LOF=VAi^Vpn"OFUXWZp
Φ()
LWZa
n > 2
L=?kZM-k.fYXWNnkZYÆ¡gUXp	?^VAQp?nA.UXp{Oc=VA,MPAQp?MPA)OF=kO
YXU|@
||x||→+∞Φ(x) = 0
DOoMUXp	?^VAQp?nA8NWZaY]keac[ZAizkeYX^VAQMWZ
||x||
?TmAQnW8@BAQM-pVAQ[ZYXU|[8U|TVYXAZ£b<-=?AnWZpMPAS\8^?Ap?nA)U]M-OF=kOOF=?A.OFAac@
Ai(x)
acAY]kOcAQh1OcW
OF=VA
i
OF= WZT?MPOck8nYXA=?k8M.kBPYXWLnQkeY¡U|p2	?^VApnABWZp¯OF=VABlmWeOFAQp_OFU]keY3zkeYX^VAZ¨=?UXno= UXM.k
MF^VU|OckZTVY|A.lVacWZlmAaFOfKZ£
!UX[Z^?aFA,vYu`bacWeY|A,WZ&OF=?A.^Vp?n"OcU|W8p
Φ()
WZa
n > 2
£
E)pOF=VAiWeOc=VAaﬀ=?keph¨8UXp{Oc=VA,}ﬂw nk8MPA8_k8hNAYXUXnUXkZp?M+kZaFAiMfOcU|YXY¨MPW8Y|^VOFUXWZp?MWe¨Oc=VA)l?aFW8lW_MPAShlVacWZTVYXA@
6keY|OF=VW8^V[Z=§U|O U]M{p?WeO nY|ASkeaU|,OF=?AKñkeacA#OF=VA­WZpVYXK¥MFWZYX^NOcU|W8p"TV^VO
Φ(x) = − 1σ2 log(||x||)
U|OF=
YXUX@
||x||→+∞Φ(x) = −∞
£³µgMBk nW8p?MPAS\_^VAp?nAZbMFlV^VacU|W8^?MRU|p2	?^VApnAQMRWZOF=VA#W8T?MfOokZnY|ASM¢keORY]keac[ZA
hVUXMPOckZp?nASMkeacA)UXp?hN^?nAQh#keph
nQkzZASkOcMﬀkeacAiOFWBTmA,A NlASn"OcAQh
=VAp#^?MFUXpV[ROF=VU]Mkel?lVaFW_kZno=*£
ÜgWZlmA^VYXY|K8sOF=VU]MiUXMipVWZO.klVacWZTVYXA@UXp¯lVaokZnOFU]nAZsTmAQnQke^?MFA¢kZp_K©}wyl?aFW8TVY|AQ@«nkep¯WZTLzLU|W8^?MPYXK#TA
AQ@TmAQhVhVAQh¢U|pkivw§lVacWZT?Y|AQ@q=VAacAﬀOF=VAveaoh¢zkZaFU]keT?Y|AﬀUXM3MFAOOcW.B¬[ZAW8@BAOFacU]nkeYXYXKZOF=?UXM3nWZacaFASMPlmWZp?h?M
OcW=?kz8A)nK_YXUXp?hNacUXnQkeYmWZT?MPOck8nYXAQMQ8=VU]no=TkZMFUXMUXM+OF=?A.}wHW8aFUX[ZUXp?kZY?WZTMfOokZnYXAS£ q­A)OF=L^?MﬀpVAQzZAaﬀ^?MFAQh{k
lmWeOcAp_OFU]keYmU|OF=
n = 2
U|p WZ^VaﬀkelVlVYXU]nkOcU|W8p*LAz8ApU|*OF=VA.MPOckOcAgU]M+WZ!hNUX@BAp?MFU|W8pOfﬀW?_TV^NOMfOcU|YXYmkZlVlVYXK
Oc=VA,U]hNAQk8M-lVaFW8lW_MPASh{=VAQaFA8N^?MFU|pV[ROc=VA,lVacAzLU|W8^?MﬀOFacU]nom£
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1

W8p_OFaokeacK.OFWnWZp?MPOFaokeUXp_OcMﬃWZTMfOokZnYXAQM!UXp	?^VAQp?nA8ZOc=VA[ZW_keY?keOPOcack8n"OFUXWZpR@^MfO+=kzZAk.[ZYXWZTkeYVUXp	?^VAQp?nA
UXpW8achVAa*Oc=VAOFaokdfAQnOFW8aFK)OFW)TA-[ZAQpVAaokOcAQhiacWZ@qkepLK.acA@BWeOcA+lmWZUXp8OS£'<-=?UXM'nYXAQkZa'MFAl?kZackeOFUXWZp,TmAOfﬀAAQp
[8W8kZY¨Y|WNnkeOFUXWZp
U|p2	?^VApnAkZp?h
WeOF=?AaYXWNnU*UXp	?^VAQp?nASMU]MYXU|8AYXK kOOc=VAW8aFUX[ZUXp WZ!Oc=VA,¬k8n"OOc=VAK
MPAQA@
OcWBTA,acAlVacAQMFAp_OcAQh{UXp1hNUzmAQaFAQp8O@kZl?M-We'OF=VA,T?ackZU|p*Vk8M-aFAQzLU|AQASh{lVacAzLUXWZ^?MFY|K8£
µﬀO,kW8aF@keY!Y|AQzZAQY6OF=VAR[ZW_keY!U|p	^VAp?nApVAQzZAQagzkepVU]MF=VAQM)TV^NO.kOikpL^V@BAacUXnQkeY&YXAz8AY:sUOoM)nWZp_OFacU
T?^NOFUXWZp
@kKRTmAQnWZ@BAQMﬀpVAQ[ZYXU|[8U|T?Y|AiU|p¦ u "£bÜgWAQzZAaS8OF=VU]Mﬀ[ZYXWZT?kZYmUXp	?^?Ap?nA)U]M-WZTLzLU|W8^?M+OFWR@BkZU|p_OokeUXp
TLK
#)Yﬁﬂ	ﬁ%'\ %

 ﬀﬂY#+% 	ﬁf% # ﬁﬂ!L%

\@ﬁﬂBﬀD% 	+":% ﬂY#
UXp¦ u ﬀkZp?hTLKk8hdf^?MPOFUXpV[ROF=VA.acAY]kOcU|z8A
ﬀAUX[eOc=TmAOfﬀAAQpOc=VA-[ZW8kZY_keOPOcack8n"OFUXWZpRkep?hOF=?AﬀW8T?MPOckZnY|AﬀacAlV^VY]MFU|W8p*£!ÜgAacAZﬀA-MFUX@Rl?Y|KTkeY]kep?nATmWeOc=
nWZp_OFacUXTV^NOFUXWZpMu ∫
∂U0
µ0(y) dy =
∑r
i=1
∫
∂Ui
µi(y) dy
?WZakRlV^Vp?nOF^?kZY*[ZW_keY
x∞
OF=VU]MAQp8OcU|acAYXKhNA?pVASMﬀOF=VA,[8W8keYsﬀAUX[Z=_O
µ0(x∞) =
∑r
i=1
∫
∂Ui
µi(y) dy
|B|
å}Y~2++
st  
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1
<-=?A
l?aFASMPAQp8OhNAQzZAYXWZl?@RAQp_ORU]MBpVWeOacAQMPOFacUXnOFASh²OcW¦kZp³^VpLTmWZ^VphNAQh¤^Vp?nOFUXWZp
V (x) =
∫
∂U Φ(x −
y) µ(y) dy
TmAQnQke^?MFA[ZUXzZAQpBkZpLKTW8^Vp?hNAShBTVU dfAQn"OcU|z8AOFaokepMfW8aF@kOcU|W8p*ek,MFU|@BlVYXAgno=?kZpV[ZA-WeszkeacUXkZTVYXAQM
kZY|YXWMROFW³^?MPA­k®TW8^Vp?hNAShñaFAQlVacAQMFAp_OckeOFUXWZpq¬MFAA
r
v8} tgWZa hNAOokeUXYXMo"£Ó<-=?kZpVNMBOFW¤MP^?no= k®no=kepV[8A
WZgzkeacUXkZTVYXAZbk­YXkZaF[8A{¬ke@BUXY|K®WZ¢p?WZpN=?keac@BWZpVU]nQlWZOFAQp8OcUXkZYkeacAASkZMFU|YXK¦aFAQYXkeOFAQh²OFW¦kep¥kZhNAQY|U]nU]kep*
kZY|YXWUXpV[#OF=VU]MkZlVlVacW8k8no=¯OcW¯TmA\_^VUOcA[8ApVAQackZY+kep?h¦z8AacK¯lVY]ke^MPUXTVYXAOFW©acAYXK©OcW­k#TVUXWZYXWZ[8UXnQkeYb@kZl
k8n"OcU|zLU|OfKZ£
81W8aFA.lVacAQnUXMFAYXKZN[8U|z8Ap
kepLK{TmWZ^Vp?hVAQh OFaokep?MPWZac@kOcU|W8p
µ : x ∈ Rn × V ∈ R → [a, b] ⊂ R
T?U dfASn"OFUXzZA.U|OF=1acAQMFlASn"O-OFW
V
keO-ASkZno=
x
NOF=?A,aFAQYXkeOFAQh TmWZ^Vp?hVAQh
lWZOFAQp8OcUXkZY
U(x) = µ(x, V (x))
OF=L^?M
V (x) = µ−1(x, U(x))

nQkep TAnWZp?MFUXhVAacAQh¨£3<-=VU]M-UXM-kBMFU|@BlVYXA,no=?kepV[8A)WZ!zkeacU]keTVYXAQMQ£3VacWZ@ 
s
"NOc=VAiOFaokdfASn"OFW8aFKBU]MhNUXaFASn"OFYXK
[8ApVAQackeOFASh{^?MFU|p?[
∇U(x)
u
γ′(t) = −
[[
∇U − ∂µ∂x
]
/ ∂µ∂V
]
(γ(t))
kZp?hyu
∇U = ∂µ∂x +
∂µ
∂V
∫
∂U
∇Φ(x − y) µ(y) dy
U]MBhNUXaFASn"OFYXK²nW8p?MPOFac^?n"OcAQh¦acWZ@ Oc=VA
k8hNAYXU]nU]kep³acAl?aFASMPAQp8OokOcU|W8p®U|p?MFU]hNA
U
=VUXY|A
Y|UX@
x→∂UU(x) =
YXUX@
V→±∞µ(x, V )
aFAQ@keUXp?M-TW8^Vp?hNASh¨£
ﬀ_»¸+º¼8¹ÅPËQ¼8Òo·SÌLºÑÅbºÆ¹+¹Åª¸PËQºÆÐSÇÅª¾]»¸ªÄ3Ë¸PÍRÅf»,Í8·_¼_·SÌZ¹fË

ﬁ
U(x) =
1
1 + e−V (x)
⇔ V (x) = log
„
U(x)
1 − U(x)
«
#ﬀ
ÄbºÑÅfÇ
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